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3. Regarding the Brownian motion:
a) Prove that for 0 < ¢t < u, Cov(W (t) — LW (u), W (u)) = 0.

b) Is W(t) — LW (u) independent of W (u)? Justify your answer.
¢) Prove that

E[W (£)|W (u)] = ZW (u).
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5. Let W = {W(t),t > 0} be a Brownian motion and S = {S(t),t > 0}, where S(t) = e#*+7W(®) with S(0) = 1.

a) Derive an expression for P(S(t) < z).
b) Determine an expression for the conditional expectation E[S(t)|F,], where s < t and {Fs, s > 0} is the
filtration associated with the process S.

¢) Find conditions on z and ¢ under which the process {S(t),t > 0} is a martingale.
Note: You may need to use the following fact: the moment generating function of a random variable YV
with normal distribution, with parameters p and o is given by:
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18. For a > 0, define a the process W = {W(t),t > 0}, where W(t) = ﬁW(at). Show that W is also a Brownian
motion.
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